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ABSTRACT. The geodesic curves of a Rieraannian metric on a surface are described by a Hamiltonian system with two degrees of freedom whose Hamiltonian is quadratic in the momenta. Because of the homogeneity, every integral of the geodesic problem is a function of integrals that are polynomial in the momenta. The geodesic flow on a surface of genus greater than one does not admit an additional nonconstant integral at all, but on the other hand there are numerous examples of metrics on a torus whose geodesic flows are completely integrable: there are polynomial integrals of degree < 2 that are independent of the Hamiltonian. It appears that the degree of an additional "irreducible" polynomial integral of a geodesic flow on a torus cannot exceed two. In the present paper this conjecture is proved for metrics which can arbitrarily closely approximate any metric on a two-dimensional torus. Bibliography: 12 titles. § 1. INTRODUCTION. MAIN RESULT Let Σ be a closed two-dimensional surface with Riemannian metric ds. In local isothermal coordinates q\, qi on Σ this metric has the form (1.1)
where Μ is a positive function of q x and q 2 . The geodesic curves of the Riemannian metric (1.1) are described by the Hamiltonian system (1.2) q k --
with Hamiltonian
The phase space of this system is the total space of the cotangent bundle Γ*Σ. Let F: Τ*Σ -> Ε be a smooth integral of the system (1.2): the Poisson bracket {H, F} is identically equal to zero. We represent F as a formal Maclaurin series in pi,p 2 :
(1-4) Y,F s (p,q), s where F s is a homogeneous form of degree 5 in the momenta p\, pj. We have a simple result.
Proposition 1. Every homogeneous form of the expansion (1.4) is an integral of the Hamiltonian equations (1.2).
In particular, 5 > 1 (since there are no nonconstant integrals depending only on q\ and qi). Of course, not all of the polynomials F s are independent. Proposition 1 reduces the problem of the integrability of a system with Hamiltonian (1.3) to a search for homogeneous polynomial integrals.
Remark. An example is given in [1] of a smooth metric on a closed surface Σ of arbitrary genus, whose geodesic flow admits a smooth integral F with zero Maclaurin series (1.4) . This example must be related to the class of "pathological" examples: although the functions Η and F are not everywhere dependent, nevertheless F = 0 in a whole domain of the phase space Τ*Σ.
It is proved in [2] that if the genus of Σ is greater than 1, then the equations (1.2) do not admit a polynomial integral that is independent of Η. Other proofs of this result are given in [3] and [4] . On the contrary, there are numerous examples of metrics on the sphere and torus whose geodesic flows admit additional integrals.
Definition.
A polynomial integral of smallest degree, independent of the integral Η, is said to be irreducible.
If a geodesic flow does not admit an additional polynomial integral, then in this case the degree of an irreducible integral can be assumed to be zero. It is clear that any integral of the Hamilton equations (1.2) is a function of an irreducible integral and the Hamiltonian Η Apparently the degree of an irreducible integral of the geodesic flow on an oriented surface of genus ρ does not exceed
For ρ > 2 this estimate is a result of [2] . For the torus (p = 1) we will find that the degree of an irreducible integral does not exceed 2. Examples are given in [5] of metrics on the sphere that admit integrals of degree 3 and 4. The case ρ -1 is considered below. It is well known that for a torus one can introduce global isothermal coordinates. Thus, we shall assume that q\ and #2 in (1.3) are the angular coordinates on a two-dimensional torus Σ = T 2 . The estimate (1.5) for ρ = 1 is established in [5] under one of the following additional assumptions: 1) F is an even function of p\ and p% ; 2) F is even in p\ (resp., pj) and odd in p-i (resp., p\). We shall consider the case when the positive function Μ is a trigonometric polynomial. Let the finite sum (1.6) M be its Fourier series. The spectrum of Μ is a finite subset of the integer lattice
It is mapped into itself under the map k -> -k . Our main result is as follows: Since Φι + Φ2 = 0, these integrals are dependent. However, each of them is independent of the energy integral Η.
In the second case we may assume that the line underlying the spectrum 5" coincides with the first coordinate axis. Then the angular coordinate q 2 will be cyclic: the Hamiltonian Η does not depend on q 2 . To this coordinate corresponds a linear cycle integral Φ = p 2 .
Birkhoff long ago noted (see [6] , Chapter II) that to an integral, linear in the momenta, of a dynamical system with two degrees of freedom corresponds a hidden local cyclic coordinate, and the presence of an additional quadratic integral is related to the possibility of introducing local separated variables. Global versions of these results of Birkhoff are discussed in [3] and [7] .
Taking this into consideration, from Theorem 1 we obtain:
Corollary. If the equations of geodesies on a torus with metric (1.1), where Μ is a trigonometric polynomial, admit an additional polynomial integral F, then there is a polynomial integral of degree <2 that is independent of the function H. Moreover, if the degree of F is odd, then there exists a linear integral.
Closely connected with the problem of homogeneous polynomial integrals of geodesic flows is the problem of polynomial integrals of the Hamiltonian system on Τ*Σ = R 2 χ Τ 2 with Hamiltonian
Here V is a smooth function on Τ 2 , the potential energy of a reversible mechanical system. The kinetic energy Τ is of course equal to (pj + p 2 )/2. The integrals of this system that are polynomial in the momenta are not homogeneous:
Proposition 2. Assume that a system with Hamiltonian (1.8) has a polynomial integral of degree η, independent of the function (1.8). Then a system with Hamiltonian (1.3), where Μ = h -V, h > max V, admits a homogeneous polynomial integral of degree < η.
We sketch the proof of Proposition 2 (cf. [5] ). First of all we note that the Poisson bracket of two homogeneous polynomials in p\ and p 2 of degree r and 5, respectively, will be a homogeneous polynomial of degree r + s -1. This gives us the following fact: if the sum (1.9) is an integral of a Hamiltonian system with Hamiltonian (1.8), then the functions
will also be integrals of this system. Finally, the polynomials which are homogeneous in the momenta, are integrals of the geodesic flow on a torus with the metric
W=v)'
If the functions (1.8) and (1.9) are independent, then one of the polynomials (1.10) is independent of the Hamiltonian (1.11). According to Proposition 2, if a system with the Hamiltonian (1.11) does not admit new polynomial integrals, then a system with Hamiltonian (1.8) will also not have an additional integral in the form of a polynomial in the momenta with unique coefficients on T 2 . Hence, the problem of the integrability of geodesic flows includes as a special case the problem of the integrability of reversible systems on a torus with a Hamiltonian of the form (1.8). The latter problem was studied in [8] and [9] . In [8] conditions for the existence of integrals of degree 3 and 4 were considered. It was shown that if there is a new integral of degree three, then there must be a linear integral. And if there is an integral of degree four, then there exists an independent integral of degree < 2. In [9] Kozlov and Treshchev considered multidimensional Hamiltonian systems on the w-dimensional Hamiltonian systems on the w-dimensional torus T w = {qi, ... , q m mod 2π} with a Hamiltonian of the form 1
where \\ciij\\ is a positive definite matrix with constant coefficients and V is a function on T m . Existence conditions were studied for m independent integrals in the form of polynomials in the momenta ρ with unique coefficients on T m . It is not assumed a priori that the integrals are involutive. This problem has been solved completely for the case when the potential V is a trigonometric polynomial. It turned out that a complete set of polynomial integrals exists if and only if the spectrum of the polynomial V lies on k < m lines which intersect pairwise orthogonally at the origin. In particular, there are m independent polynomial integrals of degree < 2 . We note that the problem of polynomial integrals of fixed degree is much simpler than the problem considered in [9] .
Remark. A Riemannian metric is said to be nondegenerately integrable (see [10] ) if its geodesic flow is integrable via a smooth integral, all of whose critical manifolds on a constant-energy surface are nondegenerate. Fomenko conjectured that any nondegenerately integrable metric on a two-dimensional torus is Liouville. This conjecture has not yet been proved. However, Nguyen, Polyakova, and Kalashnikov (Jr.) proved that this conjecture is true at least from the point of view of complexity of integrable metrics (the concept of complexity was introduced in [10] ). In fact, the complexity of the geodesic flow of an arbitrary nondegenerately integrable smooth Riemannian metric on a two-dimensional torus is equal to the complexity of the geodesic flow of some Liouville metric. §2 The proof is based on an inductive application of Lemma 2. From now on we shall assume that F 2n+l is an integral of a geodesic flow on a torus. This assertion is a key moment in the well-known method of Birkhoif (see [6] , Chapter II), associated with the introduction on Σ of a complex structure induced by the isothermal coordinates of the given Riemannian metric.
Birkhoff himself established that the function F* is a holomorphic for integrals of degrees one and two. The proof for an integral of arbitrary degree can be found, for example, in [3] . 
ΞΟ.
From this relation we obtain a chain of partial differential equations satisfied by the coefficients of the polynomial (2.1): This curious matrix identity is proved in the Appendix. It is clear that a is the angle between the ray passing through the vertex {u,v) e S, and the horizontal coordinate axis.
Putting (2.6) and (2.7) together, we obtain Lemma 7 (see, e.g., [11] ). Let 0 < β < π/2, β Φ π/4, and β = ρπ/q, where ρ and q are natural numbers. Then tan β is an irrational number.
Corollary. If m is odd, then the tangents of the angles (2.9) are irrational.
We now assume that the spectrum S does not lie on a single line. Then there are two distinct lines h and l 2 , passing through the origin, that contain two vertices of the convex hull &(S). The tangent of the angle between /[ and l 2 is rational. In fact, the tangents of the angles which the lines l\ and l 2 form with the coordinate axis are rational. It remains to use the well-known formula for the tangent of a difference. On the other hand, the angle between l\ and l 2 is equal to one of the angles (2.9). According to the corollary of Lemma 7 the tangent of this angle is irrational if m is odd. This contradiction proves Theorem 1 for the case of an integral of odd degree. 
Here C\, c 2 = const, and a\,b\, ... ,b n are smooth functions on T 2 . Setting the derivative F 2n equal to zero, we obtain a chain of equations for the coefficients of the polynomial (3.1):
Let (u,v) be a vertex of the convex hull of the spectrum S. Applying the method of §2, we obtain an equality analogous to (2.6):
It can be transformed to the form (see the Appendix) Consequently, in this case as well the vertices of the convex hull of S lie on in lines, which pass through the origin and form the angles (2.9) between themselves. For even m > 4 we have both π/2 and π/4 among them. Using Lemma 7, it is easy to deduce from this that for even m the polygon %(S) can have 2, 4, 6, or 8 vertices, and its principal diagonals (passing through the origin) are either orthogonal or intersect at an angle π/4. This result is of independent interest, but, of course, we cannot derive the conclusion of Theorem 1 from it.
We use the concept of adjoining vertex, introduced in [9] . For this we consider the standard lexicographic ordering in K 2 : we shall say that (k\, k 2 ) is greater than (si, S2) if one of the following two conditions holds:
Let a = (u, v) be a maximal element of the spectrum S. This point is clearly one of the vertices of the convex polygon S'(S). A maximal vector β e S that is linearly independent of a is called an adjoining vertex to a. If S does not lie on a single line, then an adjoining vertex trivially exists. Otherwise, the Hamilton equations admit a linear integral. Our task is to prove that the vectors a and β are orthogonal.
Lemma 8 [12] . Let sa + β = τ Η h τ,+ι, where τ, e S. Then τ^ -β and Xj = a for all j^k.
First we consider the special case when the largest element a = (u, v) of S lies on the horizontal coordinate axis, so that u > 0, υ = 0. Let β = (k, I) be an adjoining vertex. We show that k = 0. Since 5" is invariant under a reflection relative to the origin, it will follow from this that the points of S lie on the coordinates lines.
Since υ = 0, the angle a in (3. 
Finally, from the last system (3.2.rc) we derive the equalities
Since m = 2n > 4, we have η > 2. Since β is an adjoining vertex, k > 0. Hence 2k + (2n -3)« > 0, and it follows form the last equality of (3.4.«) that (3) (4) (5) [α η -ύβ+(η-2)α = 0. We note that the equations (3.2) are linear and homogeneous relative to the derivatives. Therefore the formulas (3.3) and (3.4), which are a consequence of (3.2), do not depend on the period of the function Μ. Thus, we are in the conditions of the special case considered above. Hence, the spectrum S' lies on the coordinate axes. Making the inverse transformation with the orthogonal matrix A" 1 , we find that the points of the original spectrum S lie on two lines that intersect orthogonally at the origin. Thus Theorem 1 is completely proved.
APPENDIX. MATRIX BINOMIAL IDENTITIES
We set The conclusion of Lemma 6 follows form the matrix binomial identity (1) . For this it suffices to set C\ = 1 and ci = ±i (where i 2 = -1). In turn, equality (3.3) is a consequence of identity (2). It is not inconceivable that the identities (l)-(2) have a nontrivial combinatorial interpretation.
Below we give a proof of Theorem 2, found by D. V. Treshchev. For definiteness we consider identity (1) . The left-and right-hand sides of (1) and the explicit formulas for binomial coefficients, it is not hard to see that // fc = 0 for all 0 < k < η + 1. This completes the proof of Theorem 2.
